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The main purpose of this paper is to prove, extending the results in 
the associative case, that a von Neumann regular alternative ring is orthogonally 
complete if and only if it is complete. 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
Order relations have been investigated by a number of people; in 
associative rings, for example, by Abian [ 1 ] and Chacron [S], in alter- 
native rings by Myung and Jimenez [lo], and recently in Jordan rings by 
Gonzalez and Martinez [7]. In the case of alternative (and associative) 
rings, the usual order on Boolean rings, a < b iff ab = u2, is also an order 
and has been used to characterize those reduced rings (no nonzero 
nilpotent elements) which are a direct product of division rings. One of the 
conditions used in this characterization is the notion of orthogonal com- 
pleteness. A subset of a reduced ring A is called orthogonal if ub = 0 for all 
a, b in X with a # 6, and A is orthogonally complete if every orthogonal 
subset of A has a supremum in A. Haines [8] introduced a generalization 
of orthogonality which he called quasi-orthogonality and Burges and 
Raphael [3] called boundable. A subset X of a ring A is bounduble if for all 
a, b in X, ub(u - b) = 0 and A is said to be complete if every boundable 
subset of A has a supremum in A. 
The main purpose of this paper is to relate the notions of orthogonality 
and boundability for reduced alternative rings, extending the results of 
Burgess and Raphael. The main result is that a von Neumann regular 
alternative ring R is orthogonally complete if and only if it is complete. 
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2. PRELIMINARIES 
An alternative ring is a ring A satisfying X’Y = x(xy) and yx2 = ( yx) x for 
all x, y in A. In terms of the associator, (x, y, z) = (xy) z - x(yz), this is to 
say (x, x, v) = (y, x, x) = 0. It is known that in an alternative ring the 
associator alternates, and a reduced alternative, commutative ring is 
associative. An associative ring is alternative an there exist reduced alter- 
native rings which are not associative, for example, see R. H. Bruck and 
E. Kleinfeld [2] or E. Kleinfeld [9]. By Artin’s theorem any subring of A 
generated by two elements is associative. The following so-called Moufang 
identities are known: 
(i) x(y(xz)) = (xyz) z, for every x, y, z in A 
(ii) (xy)(zx) = x(yz) x, for every x, y, z in A 
(iii) ((zx) y) x = z(xyz), for every x, y, z in A. 
The center of A, Z(A), is the set of elements that associate and commute 
with every element of A. 
Myung and Jimenez [lo] have proved that the relation defined by x < y 
if and only if xy =x2 is a partial order on an alternative ring without 
non-zero nilpotent elements. Besides: 
(1) x d y implies xy = yx and (x, y, z) = 0 for every z E A. 
(2) xy=O if and only ifyx=O. 
(3) (xy)z=O if and only if x(yz)=O. 
(4) xy2 = 0 if and only if xy = 0. 
(5) The idempotent elements are central. 
In what follows A always stands for a reduced alternative ring. Finally, 
an alternative ring A is von Neumann regular if for any element a in A 
there exists an element b in A such that a = aba. 
3. THE MAIN THEOREM 
Obviously a complete ring A is orthogonally complete. There exist 
reduced alternative but not associative rings which are not complete. If B is 
a reduced associative ring orthogonally complete but not complete and D 
is a Cayley-Dickson division ring, then A = B x D is an alternative but not 
associative ring and it is orthogonally complete but not complete. 
The following result was proved by Myung and Jimenez in [lo]: A 
reduced alternative ring is a direct product of alternative division rings if 
and only if it is orthogonally complete and hyperatomic. 
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Using this result, we can see that orthogonally complete and 
hyperatomic imply complete, since a direct product of division rings is 
complete. 
Before proving the main theorem we shall need a sequence of lemmas. 
The following lemma justifies the above definition of boundable set, 
because it implies that any set which has an upper bound with respect to 
< is boundable. Obviously every orthogonal subset X of A is boundable. 
LEMMA 1. Let a, b E A have a common upper bound. Then ab = ba and 
ab( a - b) = 0. 
ProojY Suppose a < c and b < c. Then we have ac = ca = a*, bc = cb = b*, 
and (a, b, c) is associative. So ab* = a(cb) = (ac) b = a*b and ba2 = b(ca) = 
(bc) a = b*a. Therefore (bab - a’b)* = bab’ab - baba’b - a2b2ab + a*ba*b = 
baba*b - baba’b - a2ba2b + a*ba*b = 0. Thus bab = a*b = ab*. 
Similarly, (bab - ba2)2 = bab*a* - bab*a* - ba*bab + ba*ba* = ba*bab - 
bab2a2 - ba2bab + bab*a* = 0, so bab - ba* = 0, that is, bab = ba2 = b*a = 
a*b = ab*. 
Analogously, by symmetry, aba = ab2 = a2b = ba* = b*a = bab. 
Using the above we obtain (ab - ba)* = abab - ab*a - ba*b + baba = 
ab*a - ab*a - ba*b + ba2b = 0, so ab = ba. 
Finally (ab) a = a(ab) = a*b = ab* = (ab) b, that is, ab(a -b) = 0. 
Note. If X is a subset of A, then the left and the right annihilator of X 
coincide, that is, (aE2: ax=0 VxEX)= {aEA: xa=O VxEX}= {aEA: 
ax = xa = 0 Vx E X} and will be denoted by Ann, X. Furthermore Ann,X 
is an ideal of A because if a E Ann, X and z E A, we have z(ax) = 0 Vx E X. 
But z(ax) =0 if and only if (za) x =O, that is, z~Ann,,X Similarly 
(xa) z = 0 implies x(az) = 0 and so az E Ann, X. 
LEMMA 2. Let s be an upper bound of the boundable set X in A. Then s is 
the supremum of X if and only if Ann, X = Ann, {s}. 
Proof: Let s = sup,X. If b ~Ann,x then bx=O for every x in X. 
Therefore xb = 0 and x(b + s) =x2, that is, b + s is an upper bound of the 
set X. So s<s-t- b, that is, s2=s(s+ b)=s* +sb. Thus sb=O and 
b E Ann, (s}. On the other hand, if b E Ann, {s} we have bs = 0 and then 
(bs) x = 0 for every x E X. But (bs) x = 0 if and only if b(sx) = bx2 = 0, and 
bx* = 0 implies bx = 0. So b E Ann, X. Hence Ann, X = Ann, {s}. 
Conversely, let s be an upper bound such that Ann, {s} = Ann, X, and 
let t be another upper bound. Then xt = xs =x2 for every x E X, that is, 
x(t-s)=O for every XEX. Hence t-sEAnn,X=Ann,{s} implies 
(t-s)s=ts-s2=0 and so ts=s2, that is s<t and s=sup,X. 
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LEMMA 3. Let A be an alternative regular ring and let x be an element of 
A. Then, there exists an element 2 such that: 
0) x = xxx and X = Xx2. 
(ii) xX = xx is an idempotent (central) element. 
(iii) X is the unique element with the above conditions. 
Proof: (i) Since A is regular, given x in A, there exists y such that 
- - 
xyx = x. Let X = yxy. Thus xXx = xyxyx = xyx = x and xxx = yxyxyxy = 
yxyxy = yxy = X (using Artin’s theorem). 
(ii) Obviously Xx and xX are idempotent, so central. Hence x = xXx = 
XXX = Xx2 = x2X and X = XxX = X2x = xX2. So (xX - XX)~ = ~2x2 - xX2x - 
Xx2X + XxXx = xX2x - xX2x - Xx2X + Xx2X = 0. Hence xX = Xx. 
(iii) Let x’ be another element satisfying xx’= x’x, x = xx’x and 
x’ = x’xx’. It is clear that xx’ is an idempotent element of A. Besides Xx’ = 
X(x’(x’x)) = (Zx’)(x’x) = (x’x)(Xx’) = x/(x%) x’ = x’(Xx) x’ = (x’X)(xx’) = 
(xx’)(x’X) = ((xx’) x’) x = X’X. 
Hence the subring (x, x’, X) is a commutative ring, and so is an 
associative ring. Then xx’ = (x2x) x’ = xx’x)? = x2. Hence x’ = x’(xx’) = 
X’(XX) = x’(xx)’ = x1x2X2 = xx2 = X as desired. 
LEMMA 4. Let A be a regular alternative ring and let X be a commutative 
subset. Then there exists a maximal regular associative commutative subring 
B of A such that XE B (that is, B is maximal as regular commutative 
associative subring of A containing X). 
Proof: Let x, y E X and let 2, J be the (unique) elements such that 
xX = Xx, x = xXx, X = %xX, yjj = ~JJ, y = yjj~~, and jj = 7~7. We shall see that 
xy = yx implies Xy = yX. Indeed: yz = y(X(x2)) = ( y$(xX) = (2x)( ~6) = 
X(x2) x = X(yx) x = (Xy)(x.f) = (xZ)(Xy) = ((x2) X) y = zy. 
Hence, if x= {X: x E X> we have ab = ba for every a, b E Xu 1 Then the 
subring generated by Xu X is a commutative subring and so is an 
associative subring. 
By Zorn’s lemma there exists a maximal subring B with the above 
properties. Clearly this ring B is regular. 
Note. It is clear that the maximality of B assures that x E A and xb = bx 
for every b E B implies that x E B. In particular B contains every (central) 
idempotent element of A. 
By [4], it is clear that B is complete if and only if B is orthogonally 
complete. 
Now, we can prove the main theorem. 
THEOREM. Let A be a von Neumann regular alternative ring. Then A is 
complete if and only if it is orthogonally complete. 
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ProoJ: We suppose that A is orthogonally complete and X is a 
boundable subset of A. By Lemma 4, there exists B a maximal regular 
commutative associative subring of A containing X, since every boundable 
subset of a reduced alternative ring is, in particular, a commutative subset. 
Let Y be an orthogonal subset of B, so an orthogonal subset of A. By 
hypothesis, there exists u = sup, Y. We will prove that UE B and so 
u = sup, Y. It sufftces to show that u commutes with every element in B 
(see the note after Lemma 4). 
We have yu = y2 for every y E Y, and yx = xy for every x E B. As y < u, 
the subring ( y, u, x ) is associative. Hence (xu - ux) y = (xu) y - (ux) y = 
xy2 - uyx = xy2 - y*x = 0, that is xu - ux E Ann, Y = Ann,(u) (see 
Lemma 2). So (xu - ux) u = u(xu - ux) = 0 implies uxu = u*x = xu2. Also 
note that u2x2 = ux*u = x2u2 for every x E B. 
Indeed, (u’x’ - ux*u)’ = u2x2u2x2 - u2x2ux2u - ux2u3x2 + ux2u2x2u = 
u2xxu2x2 - u2x2ux2u - ux2u3x2 + uxxu2x2u = uxuxu2x2 - u2x2ux2u - 
ux2u3x2 + uxuxux2u = UX~UXU~ ux2 - u2x2ux2u - ux2u3x2 + uxu . xu . 
x2u = ux.xu2 .2(x* - u2x2ux2u - ux2u3x2 + u2x. xu x2u = ux2u3x2 - 
u2x2ux2u - ux2u3x2 + u2x2ux2u =o. 
Thus u2x2 = ux!u. 
Hence, (xu- ux)’ = xuxu - xu’x - ux’u + uxux = xu2x - xu’x - 
u2x2 + u*x . x = 0, and so ux = xu for every element x of B. By maximality 
of B, it is clear that u E B; thus B is orthogonally complete. 
Now, by [4], orthogonally complete implies B complete, so there exists 
v =sup,X. Finally we must prove that v=sup, X. Using the fact that v is 
an upper bound, we have to prove that Ann,{ v} = Ann, X. 
We have Ann,X = Ann,{ u}. Let b E Ann, X. Then bx = 0 for every 
XEX. So 6(bx)=O, and then (6b)x=O VXEX. But 6bEZ(A)sB, so 6bE 
Ann,X= Ann,(v), that is, (6b) v =O. This implies b((6b) u) =0 and then 
(6(6b))o=bu=O. So bEAnn,( That is, Ann,XcAnn,{u}. . 
If b E Ann, (u}, this implies bu = 0 and so 6(bu) = 0. But 6(bu) = 0 implies 
(66) u = 0. Therefore 6b E Ann,(u) = Ann,X. So (66) x = 0 for every x in X 
and also b((6b) x) = 0. As before, this implies (b(66)) x = bx = 0 VXC X, 
that is, b E Ann, X. So Ann, X = Ann, { u} as desired. 
In [6] we proved that a reduced von Neumann regular alternative ring 
A can be embedded as a subring of Q(A), its complete ring of quotients. 
This ring Q(A) is also reduced, von Neumann regular alternative, and it is 
the orthogonal completion of A. The above result assures that Q(A) is also 
complete. Then we have proved the following: 
COROLLARY. Every reduced uon Neumann regular alternative ring can be 
embedded as subring of a complete alternative ring. 
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